We address the general classification problem of all stable associative product structures in the complex cobordism theory. We show how to reduce this problem to the algebraic one in terms of the Hopf algebra S (the Landweber-Novikov algebra) acting on its dual Hopf algebra S * with a distinguished "topologically integral" part Λ that coincids with the coefficient ring of the complex cobordism. We describe the formal group and its logarithm in terms of representations of S. We introduce one-dimensional representations of a Hopf algebra. We give series of examples of such representations motivated by well-known topological and algebraic results. We define and study the divided difference operators on an integral domain. We discuss certain important examples of such operators arising from analysis, representation theory, and noncommutative algebra. We give a special attention to the division operators by a noninvertible element of a ring. We give new general constructions of associative product structures (not necessarily commutative) using the divided difference operators. As application, we describe new classes of associative products in the complex cobordism theory.
Introduction. Complex cobordism theory and algebra
Complex cobordism (bordism) functor U * (X), U * (X, Y ) is a well-known generalized cohomology (homology) theory with dual elements u ∈ U k (X) being represented by maps f : M k → X of closed U-manifolds to X (a complex structure is given in the normal bundle of some embedding M k ⊂ R n+k , see [1] ). Algebraically, U * (X, Y ) is a commutative and associative Z-graded ring with a unit 1 ∈ U * (pt) = Ω A product structure is stable if it commutes with the suspension isomorphism s. Recall that there is a distinguished element µ ∈ U 1 (S 1 ) such that the suspension isomorphism s : U * (X) → U * (ΣX) is given by u → µu = s(u). Here S 1 is a circle, ΣX = S 1 ∧ X is a suspension over X, and U * (ΣX) = U * (ΣX, pt). Here and below the symbol ∧ denotes the smash-product in the category of spaces with a base point, i.e. X ∧ Y = X × Y /X ∨ Y . Thus a new product structure Φ(u ⊗ v) = u • v is stable if the condition
is satisfied. Here q 1 = deg u and uv denotes the usual standard product in the complex cobordism. Clearly the standard product is stable. We recall that the complex cobordism theory is a module over the "Steenrod algebra" of all operations A U , i.e. the linear operators a : U * (X) → U * (X) commuting with all continuous maps and the suspension isomorphism. This algebra has been computed in [5] and consists of two parts:
1. The coefficient ring Λ = Ω U ⊂ A U that consists of the operations of multiplication by a "scalar" λ ∈ Λ: u → λu.
2. The Landweber-Novikov algebra S (see [5] , [6] ). This is a Hopf algebra over Z, it is Z + -graded, and S = j≥0 S j with a basis s w ∈ S where S 0 = Z. Here w = (k 1 , . . . , k l ) is either an unordered collection of positive integers k j ∈ Z + , or the empty set with s ∅ = s 0 = 1 ∈ S 0 and deg w = 2 k q . The coproduct (or diagonal) in S is given by ∆s w = (w ′ ,w ′′ )=w
Furthermore, the Hopf algebra S acts on all U * (X) (in particular on the coefficient ring Λ = U * (pt) = Ω U ) providing U * (X) with a structure of "Milnor module":
The elements s (n) are primitive in S and they generate a Lie algebra; indeed, one has the identities [s (n) , s (m) ] = (m − n)s (m+n) .
An element x ∈ U 2 (X) is a geometric cobordism element if the following conditions are satisfied
and s w (x) = 0 if w = (k 1 , . . . , k l ), l > 1.
There is a natural representation s → s(x 1 x 2 · · · x N ), s ∈ S, of the algebra S (and the whole algebra A U ) on the geometric cobordism elements. This representation is asymptotically faithful in the sense that for any element s ∈ S there exists an integer N > m so that s(x 1 x 2 · · · x N ) = 0 is equivalent to s = 0. Recall also that the representation λ → sλ of S on the coefficient ring Λ is faithful. The latter was computed in [5] . The paper [7] gives interesting interpretation of this representation in terms of differential operators on infinite dimensional Lie group of formal derivations on the real line. This example leads to the theory of operators on quantum groups (see [8] , [9] ). The algebra A U of operations in complex cobordism may be described as the completion A U = (ΛS) ∧ , i.e. its elements are the series
where deg w j → ∞ while j → ∞. The commutation relations in A U are determined by the representation of the algebra S on the coefficient ring Λ.
Let S * be the Hopf algebra dual to S. Then there is the embedding Λ ⊂ S * given by λ(s w ) = εs w (λ) where λ ∈ Λ and ε : Λ → Z is the augmentation (ε(1) = 1 and ε(λ) = 0 if deg λ < 0). Clearly Λ ⊗ Q = S * ⊗ Q and S * is the polynomial ring over Z on generators s * k such that (s * k , s w ) = 1 if w = (k) and (s * k , s w ) = 0 otherwise. Below we give an algebraic description of the subring Λ ⊂ S * .
Lemma 1. Any stable product structure Φ in the complex cobordism is given by a formal series
where λ ij ∈ Λ, deg w i → ∞, deg w j → ∞, while i, j → ∞, so that the product structure Φ is given by
for any u, v ∈ U * (X). Furthermore, the coefficients of the series Φ are uniquely determined by the prod-
Proof. Let x(N) ∈ U 2N (MU N ) be a canonical Thom class corresponding to the universal complex bundle η N → BU(N) where dim η N = N and MU N is the Thom space of this bundle.
It is well-known that U * (MU N , pt) is one-dimensional A U -module generated by x(N) and the elements s w x(N) with w = (k 1 , . . . , k l ), l ≤ N, x(N) = s 0 x(N), form its basis over Λ.
Let Φ be a stable product structure in the complex cobordism theory. Then the products
Thus this product may be uniquely written as a formal series
where
The coefficients λ ij ∈ Λ do not depend on N 1 and N 2 since the product is stable and commutes with continuous maps. We recall here that the Thom spaces MU N for different N are related to each other by means of the canonical maps e N 1 ,N 2 :
be any two elements. Then there exist maps
representing u and v for some N 1 and N 2 , i.e. f *
Then we have
On the other hand,
This proves the first statement of Lemma 1. Now let u • v be a product on the coefficient ring Λ = U * (pt). We notice that if
In particular, for deg w = 2n we have
where ε : Λ → Z is the augmentation. Now we use (7), the above embedding Λ ⊂ S * , and the isomorphism Λ⊗Q = S * ⊗Q to recover the coefficients λ ij by induction on deg w. Since we use only the product u • v on Λ and the action of algebra S on Λ, this completes the proof of the lemma.
Lemma 1 allows us to define a new product in the complex cobordism U * (X) as a series Φ given by (5). Below we study properties of such products. Now we describe this situation in terms of Hopf algebras. Suppose S is a Hopf algebra and Λ is a Milnor module over S (i.e. S acts on Λ and s(uv) = s
. Then the new product structure is defined by (6) . This gives new setting for the classification problem of product structures.
The most interesting case arising from the complex cobordism theory is when the Milnor module is S * , that is the Hopf algebra dual to S in the basis s w with Λ ⊂ S * . The action of S on S * is given by s(u) = R * s (u) where R s is the right multiplication operator (see [7] , [8] ):
Thus the classification problem of product structures in complex cobordism U * (X) reduces to study of the single Hopf algebra S acting (by means of R * ) on its dual Hopf algebra S * with a distinguished "topologically integral" part Λ ⊂ S * . How to describe the ring Λ ⊂ S * in algebraic terms? For this we use geometric cobordism elements x ∈ U 2 (X) defined above. Consider the Milnor module
Define an action of S on this module algebraically, provided x 1 and x 2 are geometric cobordism elements, by
This determines the action of S on
Lemma 2. There exists a unique series
such that x = f (x 1 , x 2 ) is a geometric cobordism element provided x 1 and x 2 are geometric cobordism elements. In particular, the action of S on x is determined by (4).
Proof. We define the operator S t = w≥0 s w t w with w = (k 1 , . . . , k l ), t w = t
l , where t i , i = 1, 2, . . . , are algebraically independent elements. It is easy to see that
Let us compute S t (x) for any geometric cobordism element x. By definition of geometric cobordism elements, S t (x) is equal to certain series φ t (x) = ∞ k=0 x k+1 t k with t 0 = 1. Now we apply the operator S t to the both sides of (9) .
where x, x 1 , x 2 are geometric cobordism elements, i.e.
. Now we apply the augmentation ε to (10):
The following formula
follows from definitions. It implies
t (y j ) and
Compare the coefficients of the terms y i 1 y j 2 in the left and right hand sides. Since (s w , α ij ) are already known on the left-hand side, α ij are uniquely determined as elements of S * , i.e. as linear forms on S. This proves the uniqueness. The existence of the series (9) follows from well-known results on the complex cobordism theory (see [5] ). An algebraic proof of its existence follows from Lemma 3 below. This completes the proof of Lemma 2.
Lemma 2 implies the following.
Corollary 1.
The series x = f (x 1 , x 2 ) determines a formal group on the set of geometric cobordism elements (see [9] ). Definition 1. The subring Λ ⊂ S * generated over Z by the elements α ij ∈ S * is called the complex cobordism ring. (It is well-known that Λ is a polynomial ring, see above.) Remark 1. A formal group in complex cobordism theory was defined in [5] geometrically. It coincides with the one given by the series (9) . We emphasize that we give here entirely algebraic definition of this formal group and the complex cobordism ring Λ using only the Hopf algebra S.
The formal group f (x 1 , x 2 ) over the ring Λ ⊗ Q is given by
is called the logarithm of the formal group f (x 1 , x 2 ). We would like to describe the logarithm g(x) again by means of the Hopf algebra S.
Lemma 3. There exists a unique series
such that s w g(x) = 0 for any geometric cobordism element x and for all w with deg w > 0. This series is a logarithm of the formal group and satisfies the condition
where s * k are multiplicative generators of S * dual to s (k) ∈ S (with respect to the Z-basis {s w }).
Proof. Let x be a geometric cobordism element and let g(
. Now let x 1 and x 2 be geometric cobordism elements. Consider the series
We have
We use the identity
We see that the series F (x 1 , x 2 ) is a geometric cobordism element whence according to Lemma 2, it coincides with the series (9). Thus if a series g(x) satisfies the conditions of Lemma 3 then it is unique and coincides with the logarithm of the formal group (9). Let us give an algebraic proof of the existence of such series. First, we consider
] as a Milnor module with the following action of the algebra S:
We show that the series
is a geometric cobordism element. It is enough to prove that
where γ n,k are the coefficients of t n+1 in the series γ(t) k+1 . To complete the argument we use the formula s w 2 (s * n ), s w 1 = s * n , s w 1 s w 2 and the fact that the representation of S on a product of geometric cobordism elements is asymptotically faithful.
Then x is a geometric cobordism element and by construction s w (t) = 0 if deg w > 0. Thus the series g(x) satisfies all conditions given in Lemma 3. This completes the proof.
We remark that the result of Lemma 3 has been proven first by means of the complex cobordism theory (see [10] ). Definition 2. We call a representation of a Hopf algebra S on a Milnor module P one-dimensional if P is the polynomial algebra (or the algebra of formal series) with one generator u ∈ P over some coefficient ring. The algebra S may act nontrivially on the coefficient ring (which is Z, Q, Λ in our examples, or some other Milnor submodule in S * ⊗ Q). A height of such representation is a minimal number k so that u k+1 = 0.
For instance, P may be a polynomial algebra with one generator u ∈ P over the ring Λ ⊂ S * where S acts as it was described above.
Examples. If k = 1 we can let P = U * (S 2q ) for any q. Already for k = 2, onedimensional representations over Z are known only for dim u = 2, 4 or 8. For k ≥ 3, we know examples from topology only for the cases dim u = 2 or 4 and
Consider the case q = 1 in more detail. A generator of the cohomology group
It is wellknown that there exists a map ψ : ΣΩS 3 → S 3 giving an element β ∈ U 2 (ΩS 3 ) such that sβ = ψ * α where α is a generator of the group U 3 (S 3 ) = Z and s is the suspension isomorphism. All operations s w are stable whence s w α = 0 for deg w > 0 implies s w β = 0 for deg w > 0. The element β ∈ U * (ΩS 3 ) ⊗ Q is given by a series β = g(u 1 ) where u 1 is a geometric cobordism element and g(u 1 ) = u 1 + · · · . Thus Lemma 3 implies that g(u 1 ) coincides with the logarithm of the above formal group and
. We emphasize that the elements s * k ∈ S * do not belong to the subring Λ ⊂ S * , only their multiples are: (k + 1)!s * k ∈ Λ (see [10] ).
To describe one-dimensional representations of S on P = U * (ΩS 2q+1 ) ⊗ Q (in the case q > 1) one should use the canonical maps
representing the corresponding generators of the homotopy group π 2q+1 (SU(2q + 1)) = Z. Here SU(2q + 1) is a special unitary group and BU is the infinite dimensional complex Grassmannian. In order to construct such maps one uses that the Bott periodicity implies BU ≈ ΩSU(∞).
There is an important example of one-dimensional (graded) Z-representation of the Hopf algebra S given by a geometric cobordism elements u = x (as above) with dim u = 2. One more example of one-dimensional Λ-representation of S is given by the elements u = xx, dim u = 4, wherex is the element inverse to x in the formal group.
. Such elements u generate a two-valued formal group (this was first observed in [11] ). The algebraic theory of two-valued formal groups was developed in [12] . The case dim u = 8, k = 2 is also very interesting. Here P = U * (CaP 2 ) where CaP 2 is the projective plane over the Kelley numbers. We suspect that there are no one-dimensional representations of S for k ≥ 3 with dim u > 4. It would be useful to prove this.
Problem. Give classification of one-dimensional Z-representations and Λ-representations of the Hopf algebra S. The representations should preserve grading under the automorphisms
Some examples of such representations over certain subrings of Λ ⊗Q may be found in [13] . They are given by the elements
with deg w = 2n. Here ε n is the nth root of unity and [x] εn = g −1 (ε n g(x)) is a geometric cobordism element that is nothing but the ε n -th power in the formal group f (x 1 , x 2 ) of the canonical geometric cobordism element x. According to [13] 
the equation x n = 1 has precisely n distinct solutions in the ring of p-adic numbers ⊂ Q.
For instance, one has Z {2} = Z. This case gives Λ-representations for u = xx (see above). These Λ-representations are related to the theory of two-valued formal groups. Furthermore, one-dimensional Λ {n} -representations of
with deg u n = 2n are related to n-valued formal groups. The existence of n-valued formal groups was observed first in [11] . First results on the algebraic theory of these groups are given in [14] . The contemporary state of affairs in the theory of multi-valued formal groups may be found in [15] . There is another useful example of one-dimensional Z-representation of the Hopf algebra S with dim u = 2. This representation is not equivalent to any action on a geometric cobordism element (see [7] ). Here is the action:
We recall that one has s (n) (u) = u n+1 on a geometric cobordism element u (see (4) above). It is easy to see that the representation (11) of S on P = Z[u] is given by the differential operators
Furthermore, the image of the Hopf algebra S (in the algebra of differential operators) is generated by
There is an interesting class of such representations where P is a polynomial algebra on one generator with negative degree, i.e.
Here dim u = −2q < 0.
Notice that in the latter case s (1) (u) = 0. In both cases the action of S on u is determined by the operations s w (u) ∈ Z with deg w = 2. Thus we have one-dimensional Z-representations of the algebra S.
Division operators and product operators
Here we develop an algebraic machinery which allows us to produce examples of stable product structures in the complex cobordism theory. We will carry on all computations in the category of modules over some commutative associative ring K (the "scalars") with the unit 1 ∈ K. Furthermore, all modules R in our category are also commutative and associative rings with the unit 1 ∈ K ⊂ R. We also assume that K and R are integral domains. All operators below are assumed to be K-linear. 
for all x, y ∈ R, where α ∈ R is not invertible in R.
It follows from (12) that ∂(1) = 0 for any divided difference operator ∂ (under our assumptions). An operator π : R → R is multiplicative if π(xy) = π(x)π(y).
Lemma 4. An operator ∂ is a divided difference operator if and only if the operator
Proof. Let ∂ be a divided difference operator. Then the definition gives:
π(xy) = xy − α∂(xy) = xy − α(∂x)y − αx(∂y) + α 2 (∂x)(∂y) = (x − α∂x)(y − α∂y) = π(x)π(y).
It is easy to see that the converse statement holds as well. This proves Lemma 4. Lemma 4 motivates the term "divided difference operator".
Lemma 5. Let ∂ be a divided difference operator such that
Proof. Indeed, the definition gives: ∂ 2 (xy) = ∂ (∂x)y + x(∂y) − α(∂x)(∂y) = (∂ 2 x)y + (∂x)(∂y) − α(∂ 2 x)(∂y) + (∂x)(∂y) + x(∂ 2 y) − α(∂x)(∂ 2 y) −(∂α)(∂x)(∂y) − α∂ (∂x)(∂y) + α(∂α)∂ (∂x)(∂y) .
The condition ∂ 2 = γ∂ implies the identity
We recall that ∂ is not identically trivial, R is an integral domain, and α is not invertible in R. This proves the result. Proof. Lemma 4 asserts that π is a multiplicative operator. Thus
Let ∂ 2 = γ∂. Then Lemma 5 gives ∂(α) = (2−αγ)/(1−αγ) whence π(α) = α−α∂α = −α/(1 − αγ). Thus the condition ∂ 2 = γ∂ implies that π 2 x = x for all x. Conversely, the conditions π 2 = 1 and π(α) = −α/(1 − αγ) together with (13) imply ∂ 2 = γ∂. This proves Lemma 6.
The constructions given here suggest an interpretation of R as a space of functions on some space and operator π as a translation operator of that space or another homeomorphism of this space. Of course this interpretation makes sense if the operator π is invertible. In important examples, π turns out to be a projector, i.e. π 2 = π. In order to construct multiplicative projectors, the "division operators" (i.e. operators dividing by a given scalar) were used in [5, p.887] . These operators are defined by the identity (12) and the requirement ∂(α) = 1. The paper [16] gives a classification of such operators, in particular, it was shown (see Lemma 12 below) that the well-known Adams-Quillen projectors are compositions of the Novikov's division operators by some scalars α (under a special choice of these scalars).
Lemma 7. A divided difference operator ∂ is a division operator by a scalar α if and only if the composition ∂α = ∂ • α is the identity operator, in particular,
Proof. The definitions imply
Now we let x = 1 in (14) . Then ∂(1) = 0 gives ∂(α) = 1. The result follows.
We assume now that the ring R satisfies the following condition. If α ∈ R is a noninvertible element then n (α n R) = 0 where (αR) ⊂ R is the principal ideal generated by α. This assumption holds in all our examples.
Lemma 8. Let ∂ be a divided difference operator. Then the kernel of π = 1 − α∂ is nontrivial if and only if ∂ is a division operator.
Proof. Let ∂ be a division operator, i.e. ∂(α) = 1. Then π(α) = α − α∂(α) = 0. Conversely, let ∂(α) = 1 and there exists an element x = 0 such that π(x) = 0. Then we have x = α∂x.
Now the condition ∂(α) = 1 implies
We use induction to obtain the identity
However, it is possible only if x = 0 because of the assumptions on R. This proves Lemma 8. Proof. Let ∂ be a division operator by the element α. Then π(α) = 0 and π 2 x = π(x − α∂x) = πx. Conversely, let π 2 = π. Then π(πx − x) = 0 for any x and Lemma 8 gives that πx = x. This contradicts α = 0. This proves the result.
Lemma 9. Let α ∈ R and let Π α (R) be the set of multiplicative operators π ∈ Π α (R) such that π = 1 − α∂. Then the set Π α (R) is a subsemigroup in the semigroup Π(R) of all multiplicative operators R → R where operation in Π(R) is given by
Let π 1 , π 2 ∈ Π α (R) and ∂ 1 , ∂ 2 be the corresponding divided difference operators. Then ∂ 1 and ∂ 2 satisfy
Proof. By the definitions
The result follows.
Let us give some known examples of divided difference operators.
(
, and α(x), φ(x) ∈ R where α(0) = 0. For p ∈ R let
Clearly ∂ always satisfies (12), i.e. this is a divided difference operator. We have
This is a usual translation of the argument.
Here π(p(x, y)) = p(y, x), i.e. π 2 = 1 and ∂ 2 = 0.
These operators play an important part in the cohomology of the flag manifolds. They have been used often (under the same name "divided difference operators"). Their algebra is very beautiful. Let f (x, y) ∈ K[[x, y]] be a series defining some formal group over R. Let α = f (x,ȳ) whereȳ is the element inverse to y with respect to the formal group f (x, y). Then the formula
Here π(p(x, y)) = p(y, x), π 2 = 1, and
The operators given by (17) with f (x, y) being the formal group of geometric cobordism elements have interesting applications in the complex cobordism theory (see [18] , [19] ).
The examples (1) and (2) are particular cases of the following general construction.
where x = (x 1 , . . . , x n ) and ψ k (x) ∈ R, k = 1, . . . , n. Now put
for any p ∈ R. We have
For applications, the most interesting cases are when α(
satisfies the conditions π 2 ξ = 1 and ∂ 2 ξ = 0. These are the operators that are determined by reflections with respect to the hyperplanes V = {x | x, ξ = 0}. They were used to define the Dunkl's operators, see [20] .
Particular choices of a configuration space for the vectors ξ 1 , . . . , ξ k lead to interesting algebras of the operators ∂ ξ l , l = 1, . . . , k.
(3) Let φ : R → R be a ring homomorphism. According to [21] , a derivation of the algebra R is an operator δ : R → R, such that
The operator φ from (19) is called Ore's φ-derivation.
One easily proves the following lemma.
Lemma 10. A divided difference operator ∂ satisfying the identity (12)
where α ∈ R is an Ore's φ-derivation with φ = π = 1 − α∂ : R → R.
Now we construct new K-linear product structures in the ring R.
Theorem 1. Let α 1 , α 2 ∈ R and let ∂ 1 , ∂ 2 be divided difference operators corresponding to the elements α 1 , α 2 . Let Proof. Let
Assume that the divided difference operators ∂ 1 and ∂ 2 are division operators, i.e.
, and the identity (21) implies that the product µ 1 is associative.
Conversely, let µ 1 be associative. Then the condition
(1). We have π Theorem 2. Let ∂ be a divided difference operator corresponding to an element α ∈ R and β ∈ R. The operation
determines an associative product in R if and only if one of the following conditions is satisfied:
(i) the operator ∂ is a division operator and π(β) = 0 where π = 1 − α∂;
(ii) the operator ∂ is not a division operator and ∂ 2 x∂y = ∂x∂ 2 y for any elements x, y ∈ R.
In particular, the condition (ii) is satisfied if ∂ 2 = γ∂. Furthermore, the condition (ii) does not depend on a choice of β, i.e. β is a parameter of a deformation that connects the original product structure in the ring R to the product structure µ 2 .
Proof. Let x • y = µ 1 (x, y) = xy + β∂x∂y. for all x, y, z ∈ R. Let ∂ be a division operator, i.e. ∂(α) = 1. Put x = α 2 , y = z = α. Then we have ∂(α 2 ) = 2α∂α − α(∂α) 2 = α whence ∂ 2 (α 2 ) = 1. Using ∂(1) = 0 for the fixed values of x, y, z we see that (23) gives π(β) = β − α∂β = 0. This proves (i). Now assume that ∂ is not a division operator. Then according to Lemma 8, π(β) = 0 if β = 0. The identity
shows that (23) is equivalent to
for all x, y, z ∈ R. We notice that ∂y − α∂ 2 y = π∂y. The operator ∂ is not a division operator by assumption thus π∂(y) = 0 is equivalent to ∂y = 0 for all y ∈ R. This is impossible. It follows now that (24) is equivalent to ∂ 2 x∂z = ∂z∂ 2 z. This proves (ii) and the theorem. Now we give one more construction of an associative product which comes from the complex cobordism theory (see [22] ). Theorem 3. Let Π : R → R and δ : R → R be linear operators such that
Π((Πx)(Πy)) = (Πx)(Πy) + β(δx)(δy)
for some elements α, β ∈ R. Then the operation µ(x, y) = Π((Πx)(Πy)) = (Πx)(Πy) + β(δx)(δy)
is an associative product structure in the ring R.
Proof. We denote µ(x, y) = x * y. Then the definitions imply
Examples from cobordism theory
Here we use the above results to construct new product structures in the complex cobordism theory. First, we recall that all multiplicative operators in the algebra A U = (ΛS) ∧ are completely determined by their action on geometric cobordism elements x ∈ U 2 (X), i.e. they all are given as series
A multiplicative operator φ given by a series φ(x) acts on an element y ∈ U * (X) as follows:
Proof. Let x ∈ U 2 (X) be a geometric cobordism element. Then
Thus φ(φ(x)) = φ(x) if and only if i≥1 φ(φ i )t i+1 = 0 in the ring Λ[[t]] with t = φ(x). The latter is equivalent to φ(φ i ) = 0, i ≥ 1 and the result follows. 
where (a i ) are free parameters of ∂.
Proof. According to the above algebraic results, it is enough to verify that π(α) = 0. Indeed, we have:
where x is a geometric cobordism element. Thus
We conclude that π(α) = α − α 1 m s (n) (α) = 0. The result follows.
Lemma 12 may be used to describe all pairs (∂ 1 , ∂ 2 ) of division operators such that the corresponding multiplicative operators π 1 and π 2 are homogeneous. Thus according to Theorem 1, we obtain the set of multiplicative associative product structures (in the complex cobordism theory) of the form µ 1 (x, y) = π 1 (x)π 2 (y). Moreover, let ∂ be a division operator from Lemma 12, π = 1 − α∂, and β ∈ Ker(π). Then according to Theorem 2 (ii), we obtain an associative product structure µ 2 (x, y) = xy + β∂x∂y.
The following result provides a construction of associative product structures based on Theorem 2 (ii).
Lemma 13. Let α ∈ Λ −2n and s (n) (α) = 2n. Then any multiplicative homogeneous operation π ∈ A U ⊗ Z (n) given by π(x) = x − α∂x = x n 1 + αx n (26) on a geometric cobordism element x ∈ U 2 (X) determines the divided difference operator ∂ such that ∂ 2 = 0.
Proof. According to Lemma 6, it is enough to verify that π(α) = −α and π 2 = 1.
Thus π(y) = y − 1 n α · s (n) y + (terms containing s w (y) with deg w > 2n).
Then it follows that π(α) = α − 1 n α · 2n = −α. The action of π 2 is determined by its value on a geometric cobordism element since π 2 is a multiplicative operator. We have π 2 (x) = π x n 1 + αx n = π(x) n 1 + π(α)π(x) n = x n 1 + αx n · 1
Thus π 2 (x) = x whence π 2 = 1. The result follows. ] to obtain the divided difference operator ∂ on U * (X) ⊗ Z (n) (according to Lemma 13) . Here ∂ satisfies ∂ 2 = 0 which gives a new associative product structure depending on free parameter β. For instance, the complex projective plane CP 1 gives such a product on U * (X).
In conclusion, we describe particular example of an associative product on U * (X) based on the construction from Theorem 3.
Following Conner and Floyd, we define the additive projector
which is completely determined by the following action on the complex cobordism classes. Let ξ → CP 1 be a cononical line bundle and M 2n a closed U-manifold. Let τ be its stable complex tangent bundle. By definition, Π([M 2n ]) is a cobordism class of the manifold i : M 2n ⊂ M 2n × CP 1 with the normal bundle i * ((det τ ) ⊗ ξ) where det τ is the determinant bundle.
The action of the projector Π ∈ A U on the Thom class x n (of a complex ndimensional bundle η → X) is given by Π(x n ) = x n + i≥2 α i1 ∂ i x n where α i1 ∈ Λ −2i is the coefficient with x i y in the formal group f (x, y) of geometric cobordism elements x, y. Here ∂ i ∈ A U are the projectors acting on the Thom class x n as ∂ i x n = x n c 1 (det η)
where c 1 is the first Chern class in complex cobordism and " " is the complex conjugation. Let δ = ∂ 1 ∈ A U . Then one can verify that the pair (Π, δ) satisfies the conditions of Theorem 3 (see [22] , [23] for details). Thus according to Theorem 3, we obtain the associative product given by x * y = Π(ΠxΠy).
This product structure is crucial to describe a ring structure of the cobordism ring of SU-manifolds (these manifolds are called sometimes Calabi-Yau manifolds).
